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Answer ALL questions.
PART A — (10 x 2 = 20 marks)

A problem is given to three students A, B and C, whose chances of solving it
are 1/2, 1/3 and 1/4 respectively. What is the probability that exactly one of
them solves the problem?

A random variable X has the following probability function
X=i 01 2 3 4 5
P(X=i) 0 k 3k 3k 2k k

| Determine k.

If X is a Poisson random variable such that P(X = 2) = 2 P(X =1), find PX=0).
If X is a continuous random variable with probability density function

flx)= i%’l <x <5 find the density function of Y= 2X — 3.

The joint density function of a bivariate random vériable is given by

f(x,y)_—_{x;y.,0<x<2,0<y<2.

Find the conditional density function of Y given X, f (y/x).
State Central Limit Theorem. -

Suppose that the customers are arriving at a ticket counter according to a
Poisson process with a mean rate of 2 per minute. Then in an interval of
5 minutes, find the probablhty that the number of customers arriving is
greater than 3.
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11.

12.

Consider a Markov chain with state 0,1,2 and transition probability matrix

0 1/2 1/2
P=|1/2 0 1/2]|.
1 0 0

Draw the state transition diagram.
Obtain the steady state probabilities for the M/M/w queueing model.

State Pollaczek-Khintchine formula for the average number in the system in a

‘M/G/1 queueing model and hence derive the same when the service time is

constant with mean l
H

PART B — (56 x 16 = 80 marks)

(@ () A continuous random variable X has the distribution function

0, x<1
Flx)=1k(x-1F, 1<x<3.
1, - x>3

Determine the probability -density function, the value of &, P(X <2)
and the corresponding mean of X. - (8)

(1)) A computer center has three printers A, B and C, which prints at
different speeds. Programs are routed to the first available printer.
The probability that the programs are routed to the printers
A, B and C are 0.6, 0.3 and 0.1 respectively. Occasionally a printer
will jam and destroy a print out. The probability that printers
A, B and C will jam are 0.01, 0.05 and 0.04 respectively: Your
program is destroyed when a printer jams. What is the probability
that printer A is involved? Printer B is involved? (8)

Or

(b) () The diameter of an electric cable X is a continuous random variable
 with density function given by f(x)=kx(1-x)0<x<1. Find the
value  of %k, the distribution function of X and

P(X <1/211/3< X <2/3). (8
(i) Find the first three moments of a random variable X having the
a2
probability density function f (x) = {iﬂzl—x—), 0<x<3. 8

(@) () Find the moment generating function of a Poisson random variable
and hence determine its mean and variance. : 8)

(1) In aclass of 50, the average mark of students in a subject is 48 and
standard deviation is 24. Find the number of students who get
(1) above 50 (2) between 35 to 50. ’ ‘ 8

Or
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(i)

®

(i1)

State and prove the membryless property of an exponential random

variable. _ (8)

Trains arrive at a station at 15 minutes intervals starting at 4 a.m.
If a passenger arrive at a station at a time that is uniformly
distributed between 9.00 and 9.30, find the probability that he has
to wait for the train for (1) less than 6 minutes (2) more than
10 minutes. 8

Two random variables X and Y have joint pdf

xy
= 0<x<4,1<y<5
f(x,y)=496 Y
0 otherwise
Find Cov(X,Y). , - 8)

The joinf pdf of (X, Y) is given by

f(x,y)={c(x2 +y2)03xsl,03y£1

0 otherwise
Find c. Are X and Y independent? ‘ t)]
Or

If f(x, y) = 6- ; —J ,0£x<2 2<y<4 for a bivariate random variable

(X , Y), find the lines of regression of X on Y and that of Y on X. - (16)

@

(i)

@

Consider a random process X(f) defined by X(t):Ycos(aJt+®)

where Y and ©® are independent random variables and. are
uniformly distributed over (-4, A) and (— 7r,zr) respectively. Is X(¢) a

WSS process? : - (8)

Consider a Markov chain with transition probability matrix
05 04 0.1

P={0.3 0.4 0.3]|.Find the steady state probabilities. (8)
0.2 0.3 05

Or
If {N,(t)} and {N,(t)} are two indépendent Poisson process
with  parameter 4, and ~ A,respectively, show that

P(Nl(t)=k/Nl(t)fNz(t)=n)=(2)pkq”"‘where p:ilfgﬂq. and

.- ®

Atdy
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(a)

(b)

(ii)

(i)

®

(1i)

Let {Xn} be a Markov chain with state space {0, 1, 2} with initial
probability vector p(0)=(0.7,0.2,0.1) and the one step transition

(0.1 05 0.4
probability matrix P=|/0.6 0.2 0.2|. Compute

103 04 0.3
(1) P(Xz =3) .
@ P(X;=2X,=3X, =3X,=2). (8)

The local one person barber shop can accomodate a maximum of 5
people at a time (4 waiting and 1 getting hair cut). Customers
arrive according to a Poisson distribution with mean 5 per hour.
The barber cuts at an average rate of 4 per hour. ‘

(1) = What percentage of time is the barber idle?
(2) What fraction of the potential customers are turned away?

(3) What is the expected number of customers waiting for a hair
cut?

(49) How much time can a customer expect to spénd in the barber
shop? ' ®

City Hospital’s eye clinic offers free vision test every Wednesday
evening. There are three ophthalmologists on duty. A test takes, on
the average 20 mim and the actual time is found to be
approximately exponentially distributed around this average.

‘Clients arrive according to the Poisson process with a mean of

6/hour. The hospital planners are interested to know the average
number of people waiting and the average amount of time a patient
spends at the clinic. ' (8)

Or

A petrol pump station has 4 pumps. The service time follows the
exponential distribution with a mean of 6 mim. and cars arrive for
service in a Poisson process at the rate of 30 cars per hour. Find the
average waiting time in the queue, average time spent in the
system and the average number of cars in the system. : 8)

An operator attends three automatic machines. After each machine
completes a batch run, the operator must reset it before a new
batch is started. The time to complete a batch run is exponential
with a mean of 45 minutes. The setup time is also exponential with

-a mean of 8 minutes.

(1) Determine the average number of machines that are awaiting
setup or are being setup.

(2) Compute the probability that all machines are working. 8)
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